In VVariance

Definition:

This property states that if & an unbiased estimator of &.then the same method leads to g(&") is the
estimator of g(&).

Let a family of function [F[6,8 € @]] is invariance (the distribution of g(x)is same as the distribution
of x), then an estimator is said to be invariance if

T(9(%) 906 )--9(%) =T (%, %, X550 X, )

Then there are two types of in-variance
i) Location invariance

ii)Parameter invariance

Location invariance

An estimator is defined to be location invariance if and only if
T (X, +C, X, +C, Xy +C,.ee.X, +C)=T (X, Xy, X5,....X, ) forall x; +and c.

Procedure
X
If T(xl, x2,x3,....xn)= sample meanzz—
n

)= Xy Xy X3, Xy e X))

T (X, Xps Xgyee X, -

Then

(X,+C,X,+C,X;+C, X, +C....X, +C)
n

T(X, +C, X, +C, X +CyueeX, +C)=

_ (xl,xz,xs,x4.....xn)+E

T(X +C,X, +C,X; +C,....X, +C)
n n

T(X, +C, X, +C, X5 +C,...X, +C) = %+c

T(X, +C,X, +C, Xy +C,.. X, +C)=X+C

T(X, +C, X, +C, X5 +Cyer X, +C) =T (X, X, X500 X, )+ C

Then sample mean is called location invariance.

Scale in-variance

An estimator T(xl, Xy, x3....xn) is defined to be scale invariance if and only if T(xlc, X,C, X3C....XnC) =

CT()<1,x2,x3....Xn)for all x; anc

Then T(xl, Xy, x3....xn) is called scale invariance.

Pitmen estimator for location
LetT (X, X,, X5....X, )be a random sample from density f(x, 6?) then an estimator

o0

jaf[ f(x,0)d0
T (%), Xy, XgurriX, ) = 2

| f[f(x,e)da




Is called pitman estimator for location and @ is called location in parameter.
Pitmen estimator for scale:

Let(X,, Xy, X,....X, ) be a random sample from density f(x, 6?) means @>0 is a scale parameter assume that

f(x, 9) =0 for x< 0 i.e then random variable for assume only positive values within the class of invariant
estimators

Then the estimator

T;ZH f(x,6)dé

. 1
It is called pitman estimator for scale.

Location parameter

Let @ is called the location parameter for the density f(x, 6?) of a random variable c if and only if the
density “f (X - 0)” does not depends on parameter € then density function f(X, 0) can be written in the
form of function (x —6)

If £(x,0)=f(x—0)
Scale parameter

Let @is called the location parameter for the density f(x, 6?) of a random variable c if and only if the

distribution of (g} is independent parameter of 6.

Q.No.1

Check whether or not the following estimator are location in variant

i) X

X
X
_n

:(x1+x2+x3+x4 ot X))
n

Then by definition of location:

o > (x+C)

T(X, +C, X, +C, Xy +C.o. X, +C
n

T(Xl +C, X2 +C, X3 + C""Xn +C)=

dox+>c

):2+E

T(X, +C,X, +C, Xy +C.... X, +C
n n

T(X, +C, X, +C, X5 +Coo X, +C) =T (X, Xy, X5...X, ) +C

T(Xl +C, X, +C, X3 +C...X, +C):)_(+C

- X o .
Hence X = z— is an location in-variant .
n

Yo T Y
2



Yoy Y

Let T(yl,y2|y31y4""'yn) 2

1, .
T(Y1 Yo Ve s YooYy )=§[mln(y1,yz Vs Ve Yy )max (Yo, Y, Vs Ve oY)l

Then by definition of location:

T(y, +C,Y,+C,Y,+C,Y, +C....y, +C)

1. .
E[mln (Vi: Y2 i Y3 Ya Yo )HCHmax(y,, ¥, Y5, YooYy )+ C]

1. .
T(y,+C,y,+C,y;+C,Y, +C....y, +C) E[mln(yl,yz,ys,y4.-.--yn )+max(y,, Y, Yy, Yoo Yo )+ 2C]

): Yo + Yo +£

T(y,+C,y,+C,y,+C,y, +C....y, +C > >

1
T(y,+C,y,+C,y,+C,y, +C.... Y, +c)=§[y(l) + Y +2¢]=

1
T(y,+C,y,+C,y,+C,y, +C....y, +c)=§[y(l) +y(n)]+c

T(y, +C,Y, +C,Y;+C,Y, +C....y, +C)=T(Y,, ¥, Y5, Y4-. Y, )+C

Yo T Y

Hence " is location invariant.

i) \/x° -1
Let T(X,,X,,%5.X, )=/ 2 1

Let by definition:
T(X, +C, X, +C,X; +C.o.X, +C)=+/(x> +€)* —1

T (X, +C, X, +C, X, +CoX,, +C) = /(72 +¢2 —20x)-1

T(X, +C, X, +C, X5 +CueX,, +C) % T (X, Xy, XgernX, )+ C

Hence it is not location in variant

iv)32:—2(x_)_()z

Let

T (X, Xy, XgernX, ) =

Then by definition

T(X, +C X, +C, Xy +CoXy +C) == (X+C)—

e 2007

T(X, +C, X, +C,X; +C....X, +c):%2 (x+c)- . -




T(X, +C,X, +C, X5 + C...X, +c):%2[x+c—>_<—c]2

%

T(X, +C, X, +C,X; +C...X, +C)=
n

T(X, +C, X, +C, Xy +CooX, +C) = T(X, , X, , X5, Xy e X, ) +C

(=xf o
Hence s’= Z— is not location invariance.
n

V) Yoy — Yo
Let T(Y1,Y,, Ys-¥, )= [mex(y, )—min (y, )]
T(Yir Yoo VoY) = [MBX (Y, Vo 0 Va0 Vi oo Yo )= M0 (Y, Yo Va0 Vi ooV )]

Then by definition

T(y,+C,y,+C,y5+C,-..y, +¢)=max(y, +C,Y, +C,y, +C,-.y, +C)—min(y, +C,y, +C,y; +C,-..y, +C)
T(y, +C,Y, +C, Y, +C,-..y, +¢)=max(y,,y, Ys..Y,)+c—min(y,,y, ,Ys,-..Y,)—C

(
T(Y,+C, Y, +C, Y5 +C, -y, +0)=MaxX (Y1, Y, Vo Vo )= Min (Y, Y5, Yo 0m V)
T(Y,+C,Y, +C,Ys +C,- Y, +C) =T (Y1, Y, Yo Vo) +C

Hence Y., — Y is notlocation invariant .s

Question 2:

Check whether or not the following estimator are scale invariant.

_ (X +X, + X3+ X+t X)) ZX
n n

T(X Xy X, Xy e X, )

Then by definition of scale invariant

2

n

c n):c.%

T(cX,,CX,,CX,..CX, ) =

T(cx,,CX,, CX,...CX

T(cx,, CX,,CX,..CX,, ) = CX
T(CX,,CXy, CXg..CX, ) = CT (X, X, X520 X, )
Hence X is an scale invariant.

i) X?

2

:

Let T(X,,X,,Xge0 X, ) = X

2|7

T(xl,xz,xs....xn)=(

Then by definition:



)
T(X,C, X,C, X,C...X, C) = (%J

n

T(X,C, X,C, X4C...X,C) = cz(

T(X,C, X,C, X4C...X,C) = €2 X
T(X,C, X,C, X,C...X,C) = 2T (X, X, X5...X,, )

T(X,C, X,C, X,C...X,,C) # CT ((X,, X, , X5...X, ))

—2 . . .
Hence X is not a scale invariant.

iii) s’

Let

T(X,, Xy, Xg.0X, ) =

T(xl,xz,xg....xn):lz[x_lf

Then by definition

T(X,C, %€, XC. X, C) = lz{(xc)_ Z(ch2

n

2
T(X,C, X,C, X4C....X,C) = C? %Z{(x)— Z(X)}
T(X,C, X,C, X5C... X, €) = C2T (X, Xy, X5 ..., )
T(X,C, X,C, X4C.ro. X, C) £ CT(X, , Xy , X5, Xy oema X, )

Hence S is not scale invariant.

iv)  s?

T (X)) Xys Xgeen X, ) =

Then by definition

T(X1C,XQC,XSC....xnc)\/%Z{(XC)_Z(Xc)T




T (X,C, X,C, X4C....X,C) = C\/EZ{(X) Z(X)T

T(X,C, X,C, X;C...X,€) = CT (X, Xy, Xy ..., )

Hence S is scale invariant.

V) Vit Yo
2
Yo + Yo
Let(T(yl,yZ,Y3,y4.....yn ):%

1,
=S Imin (V2. a Vo Yoo Yo )+ mex(y20 ¥z Yo Yoo ¥
Then by definition:
1 .
=5 [min (V.. y,¢.¥:¢1. Yy )+ max(vic, y,¢, vec Y, )]

1

:E[c.min (Ve s Yo Vs Yoo ¥y )FCmax(Yy, Yo o Vs YooYy )]

1 Yoy + Yin
:E[y(l) + y(n)]: C[%)

=cT(Yy\ Yo YasYa-oe Vo)

Yo T Yo

Hence 2 is scale invariant.
V) Yy — Yoy

let T(Y,, Y,V Yo )= [mex(y, )—min (y,)]

Ty Yoo ¥a om Yo )=[MBX(Y 0 Yo o Voo Vi oo Vo )= M (Y10 Yy 0 Vs Vi oY)
Then by definition

T(Y,C. Vo€ Vi€, YiC . YoC)= MX(Y,C, Y,C, Y5C, V. ¥oC)— MiN (Y,C, Y C... Y, C )
Ty Yo Y oo Yo )=CmexX(Yy, Yo Y Voo Yo ) - COiN (Y, Y5 Y Vi oo V)

TV, Y20 Ys oo Yo )=Clmax(yy, Vs ¥ Voo Vo) = Min (Y1, Vo o Yo Vi o ¥ )]

T(VioYaiYs Yo )=6(Ys = ¥i)
Hence Y, — Yq IS scaleinvariant.

Question 3

If x~ N (8,1)then show that “ 8 of f(x)is location parameter.

As x~N(6.1)

Differentiate function is

~2(x-0y



puty =x—6

dy=dx
dfy—(x—e)—ie%(y)zdy
\N27
1 oy
f(x—0)=——e ?
(x-6)=—7—

Hence it is independent from parameter & therefore @ is a location parameter.

Question no 4:

If « of Cauchy distribution having pdf f(x) = ! > | is location parameter or not?
L+ (x—a)

s 10| e

Differential function is:

df (x) { L }dx

7z1+(x—05)2
Put z=X—-«
X=a+1z
dx =dz
df(z=x—a)=%dz
7r(1+z)

Hence it is independent from parameter « therefor f (x) is a location parameter.
Question nob:

If x~N (O, Oz)then show that @ is a scale parameter?

As x~N(0,67)
1 5
f(x)= e 20
( ) O\ 2r
Differential function is
L
df (x)= e 29°dx
( ) O\ 2
X
PUut y == X =
ut 'y P oy




Hence it is independent from parameter & therefore @ is scale parameter.
Question no 6

If X ~exp then show that @ is a scale parameter.

As f(x)= %e_e

Differential function is:
1 _X
df (x)==e 2dx
()=

Put§=t X=a dx = @it

Hence it is independent from & therefore @ is a scale parameter.
Questionno 7

Obtain the scale parameter of the following function:

1
f(x)==
) (x)=7
1
As f(x)== < X<
0
df (x) = = dx
X
Put5=y X=6y dx = ady
1
df (x)==¢&d
(x) = étly
df (x)=dy
Hence it is scale parameter.
1
i) f(x)=—— <x<
i (x)=2,— 0<x<20
As
1
f(x)=——
(X) 20 -0



df (x) = %dx
Putyzg X=y6 dx = &dy
df (x) = %Gdy
df (x)=dy
It is scale parameter.
i) f(x):%x”‘l.e; 0<x<oo
o)
as f(x)= 11 —x ’
9
df (x)= 11 X4 i
(o)
Put
y = 5 X=y6é dx = &dy

df| y = ) 0“x* e ady

0" (ey)'" " e ety
0" (0) y* eV ady
9/4(6);1 -1+1 y -1 7ydy

6> y**eVdy

Hence it is not a scale parameter .

Question no 8:

Let(x,,x2,x3, x4 .....xN)be a random sample from density N(H,l) . then show that X is pitman
estimator for &.(pitman estimator for location)
As we know that pitman estimator for location :

o0

[ ef[ f(x,0)d0

T(xlvxz,x3,...xn): =

As

~N(01)



10



n

Hence total area under the curve is 1.

Q.2: Let “X" be a random sample of size “n” from Possion distribution. Find the pitman

estimator for scale parameter.
Solution:

As

jalz;}lf(xi,e)de
T(X0 X g Xar X,) =2
j?@lf(xi,a)de

—00

—9 X
9 0< X <o

f(x) =2

n a—9pnx —ne ZX
L(X) = 7zf(x) 7rle ? _e 9
I X1

n

7 Xl
i=1

Let by definition pitman estimator for scale

jLemor g,

2 0’ I;;-lxl
T(xl,xz,xs,...,xn)=T1Md9

093 7nzx!

i=1

0> 0

2

T(Xl’ Xz’ Xsl---' Xn) =

e ™62 dg

|
0
=

e 92 249

T(Xp X0 Xgoon X ) =2
[eo%"dg
0

.THZX"ZeG’“ldG
0

T(Xy, Xp, Xg0e X)) = P
[ox e dg
0

As we know that Gamma function is

(A)

11



ﬁﬁa — Tea—le—elﬂd (9)

Comparing (A) and (B)

T(Xy,

T(X,,

T(Xy,

T(X,,

T(Xy,

W(n-l)zx :
ﬁ(n*)zx :

}Zx 3+1(n )22

 JTx—2(nhE

=(ZX—3)5ZX—3

ij—Bn

(B)
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